We examine electromagnetically induced transparency (EIT) in an ensemble of cold Λ−type atoms induced by a quantum control field in multi-mode coherent states and compare it with the transparency created by the classical light of the same intensity. We show that the perfect coincidence is achieved only in the case of a single-mode coherent state, whereas the transparency sharply decreases, when the number of the modes exceeds the mean number of control photons in the medium. The origin of the effect is the modification of photon statistics in the control field with increasing the number of the modes that weakens its interaction with atoms resulting in a strong probe absorption. For the same reason, the probe pulse transforms from EIT-based slow-light into superluminal propagation caused by the absorption.
I. INTRODUCTION
Electromagnetically induced transparency (EIT) offers unique possibilities to control optical properties of medium with light [1] . Since its first experimental observation in strontium vapors [2] , it has been thoroughly investigated in different material systems including quantum dots [3] , quantum wells [4] , nanoplasmonics [5] , metamaterials [6] , and optomechanical systems [7] . Many applications of EIT, ranging from reversible mapping of light-matter states in quantum memory [8] [9] [10] to all-optical switching of one beam by another [11] [12] [13] and cross-coupling nonlinearities at the few-photon level [14, 15] , reveal its ability as a basic tool for implementation of quantum information processing. However, to date, only classical fields are employed in usual EIT schemes to yield transparency in probe light absorption, while, despite the fundamental importance, the transparency induced in atomic ensembles by quantum fields has not been explored yet, except for the cavity-based EIT, where the classical control beam is replaced by a cavity vacuum field [16] . The remarkable feature of quantum EIT-systems is their capability to generate quantum nonlinearities at the low-light level. Here we analyze the EIT created in an ensemble of Λ−type atoms by most "classical" quantum states that are multi-mode coherent states, and reveal the deviation of quantum dynamics from the classical one. We show that for the same intensity of the control field the transparency observed in the case of a single-mode coherent state perfectly coincides with the classical-field induced transparency, while the transparency substantially decreases as the number of the modes increases. As a result, the probe field changes from slow light based on the EIT to superluminal propagation caused by the absorption. This behavior results from the modification of the photon statistics in the coherent state, where the increase of mode number shifts the * Electronic address: agogyan@gmail.com maximum of photon distribution to the Fock states with small number of photons provided that the total intensity of the control field remains unchanged. To enhance the atom-photon interaction and cancel the Doppler broadening, we consider propagation of a weak probe pulse in a cold atomic ensemble, such as the atoms inside a hollow-core photonic crystal fiber (HC-PCF) of a few microns in diameter, which can tightly confine both atoms and photons transversely over long interaction lengths [11, 12, [17] [18] [19] [20] [21] . Of course, different dissipative effects are significant for coherent states with different mode numbers, however, we ignore these complications to concentrate on more fundamental issues.
In the next section, we formulate the quantum theory of EIT in Λ−type atoms and give a formal analytical solution for the probe field operators. In Sec.III, we apply this solution to the case of quantum control field in multi-mode coherent-states. Here we demonstrate how the medium transparency and dispersion are drastically altered by changing the number of the modes. We also show that the probe field group velocity changes from subluminal to superluminal propagation as the controlfield mode number increases. Our conclusions are summarized in Sec. IV.
II. FORMULATION
We consider the transmission of the quantum probe fieldÊ 1 along the z-axis in the medium of cold Λ−atoms, which resonantly interact with the probe field at the transition 1 → 3 (Fig. 1) . The atoms are driven by a quantum control fieldÊ 2 tuned to the resonance at the atomic transition 2 → 3. We treat the problem in the onedimensional (1D) approximation and describe the fields of carrier frequencies ω i and wave-vectors k i by slowly varying dimensionless operatorsÊ 1,2 (z, t)
where V i = A i L is the quantization volume with A i the cross-sectional area of the i-th quantized field and L is the quantization length, which for simplicity is chosen below to be equal to the interaction length. The traveling-wave electric fieldsÊ i (z, t) can be expressed through singlemode operators asÊ i (z, t) = q a q i (t)e iqz (i = 1, 2), where a q i is the annihilation operator for the field mode with wave vector k i + q. The space of the modes spanned by q ∈ {−δq i /2, δq i /2} is bounded by δq i ≤ ∆ωi c , where ∆ω i is the maximal bandwidth of the system at the frequency ω i . Specifically, for the probe field ∆ω 1 is the EIT window, while for the control field, for example for a transform-limited pulse, it can be chosen as
cT2 , where T 2 is the control pulse duration. The single-mode operators possess the standard bosonic commutation relations [a q i , a
where N i is the total number of longitudinal modes in i-th field.
In the rotating wave approximation the interaction Hamiltonian is given by
is the onephoton detuning of the probe and control fields, σ αβ = |α β| the atomic operators and g i = µ 3i ωi 2 ǫ0AiL the atom-photon coupling constants, µ αβ is the dipole matrix element of the atomic transition |α → |β .
The atoms are initially prepared in the state |1 . We solve the system equations in the weak probe-field limit. To this end, we assume that g
Here I i is the mean value of dimensionless intensity (photon number) operatorÎ i = E † iÊ i for the i-th field. Besides, the number of photons in the probe pulse is much less than the number of atoms, therefore σ 11 = 1, σ 22 = σ 33 ≃ 0. Then the equations for the atomic coherences read
where γ = 2Γ and γ 0 are the decay rates of the excited state |3 and ground-state coherence, respectively.F αβ are δ-correlated noise operators associated with relaxation.
In the slowly varying envelope approximation, the Maxwell equation for the probe-field operator has the form
Schematic configuration of Λ−type atoms. The probe field of frequency ω1 interacts with atoms at the 1 → 3 transition with the detuning δ1, the quantum control field of ω2 frequency is tuned to the atomic transition 2 → 3 with the detuning δ2.
where N is the total number of atoms in the interaction region.
We consider the control field is unchanged during its propagation in the medium with light velocity c that iŝ
, owing to negligibly small excitation of the atoms to the states |2 and |3 . Then we find the solution of Eqs. (4) under adiabatic conditions by keeping only the first time-derivative ofÊ 1 (z, t) and substitute it into Eq.(5) that yields
whereΓ = Γ + iδ 1 ,γ 0 = γ 0 − iδ andF 1 (t) is a commutator preserving noise operator, which, however, gives no contribution in the absence of the probe field losses [22] . Since we assume that EIT conditions are fulfilled for the probe field, we neglectF 1 below. In Eq.(6), the operator-valued group velocity of the probe pulse is given byv
At this point it is convenient to take the quantum average of Eq.(6) with respect to the control field states, which gives
where
are, respectively, the linear absorption and phasemodulation coefficients of the probe field,
is the mean value of the inverse group-velocity operator, |Ψ 2 is the input state of the control field and G = g 2 2 /(Γγ 0 ). By replacing the operatorÎ 2 (t) in Eqs.(7-10) with its expectation value such that g
where Ω c (t) is the Rabi frequency of the control field, the classical expression for the probe absorption [1] is reproduced
In the limit of v 1 ≪ c, the solution of Eq. (8) can be expressed in terms of retarded time τ = t − zu aŝ
This is the central result of this paper and is applicable for any input state of the control field. As to the probe field, we consider an input single-photon wave packet with duration T 1 > γ −1 to guarantee the weak field and adiabatic approximations.
In the next section we use this solution to explore the quantum dynamics of the system in the case of multimode coherent state of the control field.
III. CONTROL FIELD IN MULTI-MODE COHERENT STATE
In this section we study the transparency of the atomic sample induced by the control field, which is in the multimode coherent state
, where the state |α
is a coherent state of q-th mode |α . Therefore, the state |α is the eigenstate of the input operatorÊ 2 (0, t) at z = 0 with the eigenvalue α(t) = q α q e −icqt :Ê 2 (0, t)|α = α(t)|α . Upon propagating through the medium, the probe pulse experiences linear attenuation and phase modulation, which are described by the functions κ(x) and φ(x) in Eq. (13), respectively.
The mean values of the operators in Eqs.(9,10) are found by expanding η(τ ) into power series ofÎ 2
and applying the commutation relation (2). The straightforward calculations yield
where 1 F 1 is the Kummer confluent hypergeometric function. In Eq.(15) |α(τ )| 2 describes the mean number of control photons in the interaction region and |α(τ )| 2 /N 2 is the mean photon number per mode. For slowly varying control intensity with the pulse width T 2 exceeding the interaction time of the probe pulse with the medium: T 2 > T 1 + uL, the Eq.(13) takes a simple form
where D is given by Eq. (15) for the constant mean photon number |α(τ )| 2 ≡ |α| 2 . In Fig. 2a we plot the probe absorption spectrum κ(δ 1 ) in units of 2g 2 . We consider the configuration of transversely trapped atoms inside the HC-PCF, which has been experimentally realized in [11, 12] . The atoms are confined in the radial direction with a radius smaller than the radius of the fiber core. This transverse confinement prevents atom-wall collisions inside the fiber core making the atomic ground-state decoherence due to atom-wall collisions negligibly small [11] . Nevertheless, for correct numerical calculations, we use the finite value of the decoherence rate γ 0 = 10 −3 MHz. The rest parameters correspond to experimental conditions in [11] : atomic excited-state decay rate γ/2π = 6 MHz, field wavelengths λ 1 ≃ λ 2 = 800 nm, cross-sectional area A 1 = A 2 = 3 × 10 −7 cm 2 , number of atoms N = 10 3 , interaction length L = 3cm. We consider a weak coherent state |α| 2 = 3, which can be experimentally obtained by controlled attenuation of a small portion of the laser emission [23] . It is evident from Fig. 2 that in the quantum regime the transparency of the medium reduces, as the number of coherent modes increases. This immediately follows also from Eq. (15) , where the function 1 F 1 and the exponential factor tend to unity for |α| 2 /N 2 < 1, while for the transparency one needs D ≪ 1 as seen from Eqs. (17) . For large N 2 this strongly weakens the interaction of the control field with atoms, so that the maximum transparency is expected in the case of single-mode coherent state or CW control field, when the transparency in fact perfectly coincides with that induced by the classical control field (Fig.2a, red line) . To understand the origin of this behavior, let us recall that each mode |α (q) 2 of the input coherent state of the control field is itself a coherent superposition of many Fock components including the vacuum state. From the structure of the Fock-state dependence in Eq. (15) we recognize that the total contribution to the EIT coming from all the modes with a given number of photons k is determined by the term GN 2 k in the denominator of the right hand side of the first equation of (15) indicating that the greater transparency is expected for larger k. However, for fixed |α| 2 and large N 2 , the transparency is induced mainly by the lower Fock states with small number of photons k ∼ 1, because the probability distribution of Fock-states in D is defined by the k-th degree of the mean photon number per mode (|α| 2 /N 2 ) k , which quickly decreases with increasing k. Moreover, the probe field experiences huge absorption, when the control field is in the vacuum state k = 0. As a result, the EIT peak decreases as N 2 increases by the law shown in Fig.3 . Thus, the observed effect is due to modification of photon statistics in the coherent state, where the increase of mode number N 2 , while keeping the intensity |α| 2 of the control field unchanged, shifts the maximum of photon distribution to the Fock states with smaller number of control photons k ∼ 1. Obviously, this stringent quantum behavior emerges for small values of |α| 2 and disappears in the classical limit |α| 2 ≫ N 2 . In the last case, the perfect EIT is displayed in Fig.2b for |α| 2 = 36 and N 2 = 10, where atom-photon coupling g 2 is taken small enough to remain below the Autler-Townes regime. Much physical insight into mechanisms that depress the effect of the control field is available from the probe field dispersion φ(δ 1 ) presented in Fig.4 in units of g switched into anomalous dispersion (green curve) via increasing the mode number, so the probe field can change from slow light based on the EIT to superluminal propagation caused by the absorption. To understand this effect we analyzed the average group velocity of the probe pulse defined as v g1 = 1 u = c ng with the group index
Calculating analogously to κ(x), φ(x) in Eqs. (17), we get
showing that when the control field is in the vacuum state k = 0, the probe group index is negative, which, however, for the moderate values of N 2 is entirely compensated by the contribution of occupied Fock states with k ≥ 1. Yet, at larger values of N 2 the compensation is not complete and, therefore, when the mode number increases from one, the probe group velocity first increases from v g1 = 10km/s and then upon passing the infinite value v g1 → ∞ becomes negative. Fig.5 shows the change of probe velocity from sub-to superluminal propagation, which for our parameters occurs approximately at N 2 ≃ 7. Finally, we discuss the connection between the classical and quantum descriptions of the EIT represented by Eqs. (12) and (17), respectively. In the first case, the probe absorption depends on the Rabi frequency or electric-field amplitude of the control beam and, hence, on the total number of control photons. On the contrary, in the quantum regime, the perfect EIT is induced by several control photons in the interaction region. It is clear, however, that the latter occurs only if the fewphoton level in the interaction region is supported for a long time until the probe pulse propagates through the medium. In the traveling-wave geometry, this can be achieved by a constant flow of control photons from outside. For flying coherent-state, the photon flux into interaction volume is readily calculated to be The parameters are the same as those in Fig. 2 .
from which the total number of control photons is obtained as n c = f (t)dt. For our parameters including T 2 ∼ 1µs > T 1 one finds n c ∼ 3 × 10 4 , which is comparable with that of a classical control field used in the experiment in Ref. [11] . Thus, in the considered configuration, to induce the same transparency in both classical and quantum cases almost the same amount of control photons is required. However, it is possible to implement the quantum regime of the EIT on the basis of the presented theory without using the multiphoton control pulse, if the medium is placed inside an optical ring cavity and a quantum control field containing just a few photons is used as the circulating intracavity field provided that the cavity decay time is larger as compared to the probe transmission time through the medium.
IV. CONCLUSIONS
In this paper, we have shown that the EIT system is a promising platform to study the quantum properties of multi-mode coherent states, which to our knowledge, have never been explored in previous studies. Our main conclusion is that the quantum nature of these states is manifested, when the number of the modes exceeds the mean number of control photons in the medium. Otherwise, the classical result is reproduced. In the cold-atom based EIT scheme considered here, this conclusion is confirmed by the peculiar behavior of the absorption and group velocity of the probe pulse. An important result of our study is the general solution for the probe pulse propagation in the quantum regime of the EIT obtained for arbitrary input quantum state of the control field. The use of interaction between the single-photon probe pulse and quantum control fields opens possibilities to study the spatiotemporal structure and quantum statistics of propagating multiphoton states, which is a challenging task currently. In our scheme the control field not only induces transparency for the quantum probe pulse, but simultaneously imparts on the latter a phase shift at the level of few photons via the Kerr-type nonlinear interaction between the two fields. This is fundamentally different from most studies of cross-phase shifts of quantum light, which are based on N -type EIT medium [15, [24] [25] [26] [27] , where the Kerr interaction between the signal and probe fields is mediated by a strong classical field. The measurement of the phase shift induced by the control field on the single-photon probe pulse provides nondestructive detection of the number of control photons, thus enabling the quantum nondemolition measurement of the photon number [28] in the control beam. For these measurements, the scheme of optical ring cavity is more preferable. The conditional phase shifts can be also used as quantum phase gates for quantum logic operations [29] given that there are large susceptibilities in the control channel to retain the weak-field approximation. Future work will explore these issues for new multiphoton states (see, for instance, [30] ) of the control field, which are needed for modern quantum information experiments.
